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A Square Equal-area Map Projection
MATTHEW A. PETROFF, Johns Hopkins University
A novel square equal-area map projection is proposed. The projection combines closed-form
forward and inverse solutions with relatively low angular distortion and minimal cusps, a com-
bination of properties not manifested by any previously published square equal-area projection.
Thus, the new projection has lower angular distortion than any previously published square
equal-area projection with a closed-form solution. Utilizing a quincuncial arrangement, the new
projection places the north pole at the center of the square and divides the south pole between
its four corners; the projection can be seamlessly tiled. The existence of closed-form solutions
makes the projection suitable for real-time visualization applications, both in cartography and
in other areas, such as for the display of panoramic images.
CCS Concepts: •Human-centered computing→Geographic visualization; •Computing
methodologies→ Image processing.
Additional Key Words and Phrases: map projection, world map, equal-area, quincuncial
1 INTRODUCTION
Although there are a plenitude of map projections [21], there has been relatively little
work done on square equal-area projections. As noted in Gringorten [9], a square
aspect ratio is useful for printed atlases, since it allows for a standard page to be
efficiently filled with a map along with a title and descriptive caption. Equal-area
projections are useful for displaying climatology and population data on the Earth,
as well as for displaying cosmology data on the celestial sphere. Mappings from the
sphere to the square are also useful in computer graphics applications, such as the
display of panoramic images, since textures used by graphic processing units (GPUs)
are often square. Quincuncial arrangements, which have previously been proposed for
displaying panoramic images in an aesthetically-pleasing manner [7], can additionally
be seamlessly tiled, which is a desirable property for texture interpolation. Equal-area
projections allow for efficient use of resources, since all areas of the sphere have a
constant pixel density.
The most notable existing square equal-area projection is that of Gringorten [9],
which is a quincuncial projection that was derived using differential equations, al-
though other arrangements have also been proposed [4]. It has relatively low angular
distortion and has a smooth derivative, and thus no cusps, everywhere but the equator.
However, it is complicated and does not have a closed-form solution, which makes it
ill-suited for use in real-time graphics display. The other significant existing square
equal-area projection is what will be referred to here as the Collignon quincuncial
projection, which consists of an interrupted Collignon projection [5] for each oc-
tant of a spherical octahedron displayed in a quincuncial arrangement. It is called
the equal-area zenithial orthotriangular projection in Huang et al. [12], the octahe-
dral equal area partition in Yan et al. [27], and the triangular octahedral equal area
projection in McGlynn et al. [16]. It is briefly described as a possible variant of the
Collignon projection, with neither a specific name nor a figure, in Snyder [22] and
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is described with neither a specific name, a figure, nor a reference to the Collignon
projection in Maurer [15] (translated to English in Warntz [26]); it is also described
for a single hemisphere in Roşca [20] and Holhoş and Roşca [11]. This projection
has the advantage of being mathematically simple and has a closed-form solution,
for both forward and inverse mappings. However, it has larger angular distortions
than the Gringorten projection and has significant visible cusps along the edges of
each projected octahedron face. Both of these projections, as with all quincuncial
projections, can be thought of as polyhedral map projections for the octahedron with
an additional linear rescaling along the axis perpendicular to the equator. Square
equal-area projections with non-quincuncial arrangments, e.g., square aspect ratio
cylindrical equal-area projections [1, 24], will not be considered, since they have fewer
interruptions and thus much higher angular distortion.
Thus, to improve upon existing square equal-area projections, a new projection
must combine the low angular distortion of the Gringorten projection and its reduced
occurrence of significant visible cusps with the Collignon quincuncial projection’s ad-
vantage of having closed-form solutions. These are the properties of the new projection
presented in this manuscript. The vertex-oriented great circle projection “slice-and-
dice” technique of van Leeuwen and Strebe [25] is generalized for the octahedron
such that the subdivision of each face can be optimized to minimize angular distortion
when each octant of a spherical octahedron is mapped to an isosceles right triangle
instead of to an equilateral triangle, while still maintaining the equal-area property
of the mapping; these isosceles right triangles are then displayed in a quincuncial
arrangement. This projection is described in detail in Section 2, the properties of the
projection are discussed in Section 3, and the paper concludes in Section 4.
2 PROJECTION
Here, we wish to create a mapping from latitude, ϕ ∈ [−π/2,π/2], and longitude,
λ ∈ [0, 2π ), to planar coordinates, x ,y ∈ [−1, 1]. The creation of an equal-area mapping
based on an octahedron can be decomposed into the mapping of one octant of a
spherical octahedron onto an equilateral triangle. Furthermore, the octant can be
split into two symmetric right triangles, so only a hexadecant, one-sixteenth of the
sphere, has to be considered. This right triangle can be further decomposed into three
smaller triangles that share a vertex along the edge by which the right triangle is
mirrored. This decomposition is shown in Figure 1, which serves as a reference for
angle, distance, and vertex labels used later in this derivation. In van Leeuwen and
Strebe [25], this vertex was chosen to be at the center of the spherical octahedron
octant, which makes the smaller triangles right triangles that are identical up to a
mirroring about the hypotenuse. While this is optimal when the spherical octant is
mapped to an equilateral triangle, it leads to increased average angular distortion when
this equilateral triangle is scaled to become a right isosceles triangle, as is necessary to
form a square map. Thus, the more general case is considered here, where the vertex
position is allowed to move along the octant’s mirroring axis.
In the more general case, the smaller triangles differ in area and are not all right
triangles when mapped to the plane. For the map to remain equal-area, the area ratios
of the smaller triangles to the hexadecant must be constant between the spherical
triangles and the Euclidean triangles. This is accomplished by setting the height of
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Fig. 1. Octant mapping. The octant of the spherical octahedron is shown on the left, and the
corresponding equilateral Euclidean triangle is shown on the right. Angles, distances, and
vertices used in the text are labeled. The right halves are highlighted, since the projection is
mirrored about the center line.
triangle B′C ′D ′ such that the area ratio between triangle B′C ′D ′ and triangle A′B′C ′
matches the area ratio between spherical triangle BCD and spherical triangle ABC .
This produces the relation
h′
√
3/2
3
√
3/2
=
arcsin
(
1/√2 − cos2 ϕ0) + arcsin (2 sinϕ0/√3 − cos(2ϕ0)) − π/2
π/4 , (1)
which results in
h′ =
12
π
[
arcsin
(
1√
2 − cos2 ϕ0
)
+ arcsin
(
2 sinϕ0√
3 − cos(2ϕ0)
)
− π2
]
(2)
when solved for h′, where ϕ0 is the latitude of the dividing point on the spherical
triangle and h′ is the corresponding distance on the Euclidean triangle. Next, the angle
ξ ′ is adjusted such that the area ratio between triangle C ′D ′E ′ and triangle A′B′C ′
matches the area ratio between spherical triangle CDE and spherical triangle ABC .
This produces the relation(
h′2 + 3
)
sin
[
π/2 − arctan
(
h′/√3
)]
sin
[
π/2 − arctan
(
h′/√3
)
+ ξ
]
/(2 sin ξ )
3
√
3/2
=
π − 2 arcsin
(
1/√2 − cos2 ϕ0) − arcsin (2 sinϕ0/√3 − cos(2ϕ0))
π/4 ,
(3)
which results in
ξ ′ = arctan
[
π (h′ − 3)2
/(√
3
[
π
(
h′2 − 2h′ + 45) − 96 arcsin (1/√2 − cos2 ϕ0)
− 48 arcsin
(
2 sinϕ0/
√
3 − cos(2ϕ0)
)] )] (4)
when solved for ξ ′. Since the area ratios of two of the three smaller triangles are
now preserved, the area ratio of the third smaller triangle is also preserved. With the
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Fig. 2. Sub-triangle mapping. The spherical triangle is shown on the left, while the Euclidean
triangle is shown on the right. Angles, distances, and vertices used in the text are labeled.
relative areas of the three smaller triangles preserved, an equal-area mapping of each
of the smaller triangles will result in a mapping that is equal-area over the whole
sphere.
Next, the mapping within the sub-triangles needs to be defined. Figure 2, serves as
a reference for geometry labels for the sub-triangles. Here, we will restrict ourselves
to positive latitudes by setting ϕc = |ϕ | and center longitudes around the center of
each octant with λc = λ − π4 . The longitude of the dividing point of each octant is
q =
⌊
2
π
λ
⌋
(5)
λ0 =
π
2 q. (6)
We then define each point by an angle around and a distance from the dividing point
with
θ = |arctan2 [cosϕc sin(λc − λ0), sinϕ0 cosϕc cos(λc − λ0) − cosϕ0 sinϕc ]| (7)
r = arccos [sinϕ0 sinϕc + cosϕ0 cosϕc cos(λc − λ0)] , (8)
where θ is the counter-clockwise angle around the dividing point starting at zero at
the equator and r is the distance from the dividing point. We then define the angle, β ,
between the ray to the target point and the hypotenuse of the sub-triangle with
ψ0 = arcsin
(
1√
2 − cos2 ϕ0
)
(9)
ψ1 = π − 2ψ0 (10)
β =

ψ0 − θ θ ≤ ψ0
θ −ψ0 ψ0 < θ ≤ ψ0 +ψ1
π − θ ψ0 +ψ1 < θ .
(11)
The hypotenuse of the sub-triangle, c , is
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c =
{
arccos
(
cosϕ0/
√
2
)
θ ≤ ψ0 +ψ1
π/2 − ϕ0 θ > ψ0 +ψ1.
(12)
The angle of the spherical sub-triangle at the vertex at the dividing point is
G =

ψ0 θ ≤ ψ0
ψ1 ψ0 < θ ≤ ψ0 +ψ1
ψ0 ψ0 +ψ1 < θ ,
(13)
and
G ′ =

ψ ′0 θ ≤ ψ0
ψ ′1 ψ0 < θ ≤ ψ0 +ψ1
ψ ′2 θ > ψ0 +ψ1
(14)
is the corresponding angle on the Euclidean sub-triangle, where
ψ ′0 = arctan
(√
3
h′
)
(15)
ψ ′1 =
7π
6 −ψ
′
0 − ξ ′ (16)
ψ ′2 = ξ
′ − π6 . (17)
The angle of the spherical sub-triangle at the corner of the octant is
F =

arcsin
(
2 sinϕ0√
3−cos(2ϕ0)
)
θ ≤ ψ0
π/2 − arcsin
(
2 sinϕ0√
3−cos(2ϕ0)
)
ψ0 < θ ≤ ψ0 +ψ1
π/4 θ > ψ0 +ψ1.
(18)
The length of the side of the Euclidean sub-triangle extending from the mid-point of
the octant side to the dividing point is
a′ =
{
h′ θ ≤ ψ0√
h′2 + 3 sin[π /3−arctan(h′/
√
3)]
sin ξ ′ θ > ψ0,
(19)
and
c ′ =
{√
h′2 + 3 θ ≤ ψ0 +ψ1
3 − h′ θ > ψ0 +ψ1
(20)
is the hypotenuse length of the same Euclidean sub-triangle. The distance from the
octant corner to the target point on the spherical sub-triangle is
x = arccos(cos r cos c + sin r sin c cos β), (21)
and the angle between that ray and the hypotenuse of the spherical sub-triangle is
γ = arcsin
(
sin β sin r
sinx
)
. (22)
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If that ray is extended to meet the side of the spherical triangle that extends from the
mid-point of the octant side to the dividing point, the angle between that ray and the
ray extending from the intersection point to the dividing point is
ϵ = arccos (sinG sinγ cos c − cosG cosγ ) . (23)
With these angles and lengths defined, we can proceed with the “slice-and-dice”
approach. First, we divide the side of the Euclidean triangle that extends from the
mid-point of the octant side to the dividing point into lengths u ′ and v ′, and we divide
the line that extends from the octant corner to this side into lengths x ′ and y ′. We
then define the ratio of the areas of the two slices of the Euclidean sub-triangle to
match that of the spherical sub-triangle using
u ′
(u ′ +v ′) =
γ +G + ϵ − π
F +G − π2
. (24)
Next, we “dice” these slices by defining the separation point on the slicing line to also
maintain the area ratios using
cos(x + y) = cos
[
arcsin
(
sinG sin c
sin ϵ
)]
=
√
1 −
(
sinG sin c
sin ϵ
)2 (25)
x ′
(x ′ + y ′) =
√
1 − cosx
1 − cos(x + y) . (26)
Solving for a few remaining lengths and angles,
u ′ = (a′)
(
u ′
(u ′ +v ′)
)
(27)
(x ′ + y ′) =
√
u ′2 + c ′2 − 2u ′c ′ cosG ′ (28)
cosγ ′ = cos
[
arcsin
(
u ′ sinG ′
(x ′ + y ′)
)]
=
√
1 −
(
u ′ sinG ′
(x ′ + y ′)
)2 (29)
x ′ = (x ′ + y ′)
(
x ′
(x ′ + y ′)
)
(30)
y ′ = (x ′ + y ′) − x ′, (31)
we can define the target point on the Euclidean triangle in polar coordinates with
respect to the dividing point with
r ′ =
√
x ′2 + c ′2 − 2x ′c ′ cosγ ′ (32)
α ′ = arccos
(
y ′2 − u ′2 − r ′2
−2u ′r ′
)
. (33)
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We then convert this angle from coordinates relative to the sub-triangle to coordinates
relative to the octant,
θ ′ =

α ′ θ ≤ ψ0
7π
6 − ξ ′ − α ′ ψ0 < θ ≤ ψ0 +ψ1
7π
6 − ξ ′ + α ′ ψ0 +ψ1 < θ .
(34)
Then, we convert to Cartesian coordinates with
xc = sgn(λc − λ0)r ′ sinθ ′ (35)
yc = h
′ − r ′ cosθ ′ (36)
and separate northern and southern hemispheres with
yh = yc sgnϕ − 3. (37)
Finally, we squish the equilateral triangle into a right isosceles triangle and arrange
the octants into a square with
ζ =
π
4 +
π
2 q (38)(
xm
ym
)
=
(
xc cos ζ − yh sin ζ /
√
3
xc sin ζ + yh cos ζ /
√
3
) √
3
3
√
2
. (39)
As the ratio of areas is an affine invariant, this operation maintains the equal-area
property of the projection.
The maximum angular distortion at a given point, ω, is calculated using Tissot’s
indicatrix [21, 23]. This is defined using
h =
√(
∂x
∂ϕ
)2
+
(
∂y
∂ϕ
)2
(40)
k =
√(
∂x
∂λ
)2
+
(
∂y
∂λ
)2
(41)
sinη′ = 1
hk cosϕ
[(
∂y
∂ϕ
) (
∂x
∂λ
)
−
(
∂x
∂ϕ
) (
∂y
∂λ
)]
(42)
ω = 2 arcsin
(√
h2 + k2 − 2hk sinη′
h2 + k2 + 2hk sinη′
)
, (43)
where h and k are the scale factors along the meridian and parallel, respectively, and
η′ is the angle at which a given meridian and parallel intersect. In order to reduce this
distortion, numerical optimization was used to find the value of ϕ0 that minimized the
average of ω across the entire map. This result was very nearly 3π/8, so ϕ0 was set to
this exact value. A world map constructed using the projection is shown in Figure 3.
Although the above equations are not directly invertible, the vertex-oriented great
circle projection technique does lend itself to a closed-form inverse mapping, and a
closed-form inverse mapping of the projection just presented is given in Appendix A.
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Fig. 3. A world map constructed using the new projection presented in this work. A 10° graticule
is overlaid on the map. Note the lack of significant visible cusps.
3 DISCUSSION
As presented in van Leeuwen and Strebe [25], the vertex-oriented great circle projec-
tion technique is symmetric around the center of each triangle it projects. Although
this is optimal for mapping equilateral triangles, it inflates the angular distortion for
isosceles triangles. The generalization of said technique in this work, while main-
taining its equal-area property, allows it to be optimized for isosceles triangles, such
as the isosceles right triangles that subdivide a quincuncial projection. In additional
to its use in the quincuncial projection presented in this work, the generalized tech-
nique can also be used to produce optimized equal-area star projections, which can be
constructed by mapping to isosceles triangles.
A comparison of the new projection presented in this work with the Collignon quin-
cuncial and Gringorten projections is shown in Figure 4, which includes a world map
and an angular distortion map, as calculated using Tissot’s indicatrix [equation (43)],
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Fig. 4. Map projection comparison. The new projection presented in this work is compared to
the existing Collignon quincuncial and Gringorten projections. The top row shows a world map,
while the bottom row shows the angular distortion (ω), as calculated using Tissot’s indicatrix.
Table 1. Angular distortion summary.
Projection Average (rad) Standard deviation (rad) Max (rad)
Collignon quincuncial 0.68 0.18 1.05
Gringorten 0.52 0.31 1.05
This work 0.54 0.27 0.95
for each projection.1 As can be seen in this comparison, the new projection contains
no significant visible cusps, which improves upon the Gringorten projection’s cusp
at the equator and the Collignon quincuncial projection’s significant equatorial and
meridional cusps. All three projections can be seamlessly tiled, with adjacent tiles
rotated by 180°. To derive distortion statistics, the distortion was calculated at 10 000
points placed using a Fibonacci lattice [2]. The average, standard deviation, and max-
imum angular distortion values are given in Table 1 for the three projections. Both
the new projection and the Gringorten projection have significantly lower average
angular distortion than the Collignon quincuncial projection. The angular distortion
of the new projection and the Gringorten projection are comparable, with the new
projection having lower maximum distortion but the Gringorten projection having
slightly lower average distortion. As all three projections are equal-area, comparison
of area distortions is moot.
1The distortion was calculated using analytic differentiation for the Collignon quincuncial projection and
the new projection presented in this work but was calculated using a finite-difference method for the
Gringorten projection, since it needs to be implemented using iterative methods.
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Fig. 5. Alternative uses. On the left, a panoramic image is projected with the new projection
presented in this work, while on the right, the reprocessed Haslam 408MHz sky map [10, 19],
in Galactic coordinates, is shown using the same projection.
Excluding constants, which can be pre-computed, and eliminating trivial identities,
e.g., z = cos(arccos z), the given forward mapping equations of the new projection
require 12 trigonometric function evaluations and 6 inverse trigonometric function
evaluations; four of the trigonometric function evaluations can be further eliminated
using identities for the composition of trigonometric and inverse trigonometric func-
tions, bringing the total number of required trigonometric function evaluations down
to eight. While more computationally complex than the Collignon quincuncial projec-
tion, which requires only a single trigonometric function evaluation in its forward
mapping, the new projection still has closed-form forward and inverse solutions,
which allow it to be implemented as a GPU shader for real-time visualizations, unlike
the iterative methods required for the Gringorten projection.
Alternative uses of the projection, outside of cartography, are demonstrated in
Figure 5. Unlike for world maps, where the outside of an approximate sphere is
projected, full spherical panoramas and sky maps seek to project the view from the
center of the sphere, an analogous operation. As can be seen in the figure, the projected
panorama appears without extreme distortions, so the projected image is suitable
for direct viewing. At the same time, the closed-form forward solution allows the
projected image to be used as an input for the real-time rendering of rectilinear views,
as is done by panorama viewers [17]. The combination of low angular distortion and
area equivalence makes the projection better suited for panorama applications than the
commonly used equirectangular format, which has both extreme area distortions and
extreme angle distortions. Sky maps are similar to panoramas except that they show
the celestial sphere instead of a view of nearby objects. Figure 5 also shows a projection
of the reprocessed Haslam 408MHz sky map [10, 19], in Galactic coordinates, as an
example of this. This view of the radio sky primarily traces emission by Galactic
synchrotron emission, which is brightest along the Galactic plane, in particular in the
direction of the Galactic center.
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4 CONCLUSIONS
The new equal-area quincuncial projection presented in this work combines the bene-
fits of the Collignon quincuncial projection with that of the Gringorten projection. It
has closed-form forward and inverse solutions, unlike the Gringorten projection, while
maintaining relatively low angular distortion when compared to the Collignon quin-
cuncial projection; it also lacks any significant visible cusps, which is an improvement
upon both existing equal-area quincuncial projections. The fully-vectorizable closed-
form solutions make the new projection suitable for use in real-time visualization
applications, including hardware-accelerated GPU implementations. The generalized
vertex-oriented great circle projection technique used in the projection’s construction
can also be used to produce other map projections, such as equal-area star projections.
The example implementation code used for the analysis in this manuscript has been
made available [18].
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A INVERSE MAPPING
Here, the inverse mapping is derived, using the previously defined ϕ0. Although the
forward mapping equations are not directly invertible, an inverse mapping can be
derived by performing the “slice-and-dice” technique in reverse, by matching area
ratios on the spherical sub-triangles to those on the Euclidean sub-triangles. Starting
with projected map coordinates xm ,ym ∈ [−1, 1],
q =

0 xm ≥ 0,ym ≥ 0
1 xm > 0,ym > 0
2 xm ≤ 0,ym > 0
3 xm < 0,ym ≤ 0
(44)
ζ =
π
4 +
π
2 q (45)(
xc
yc
)
=
( √
6(xm cos ζ + ym sin ζ )
3
√
2(ym cos ζ − xm sin ζ )
)
(46)
gives Cartesian coordinates relative to the Euclidean equilateral triangle face center.
We then separate the northern and southern hemispheres with
ϕsgn =
{
1 yc ≥ −3
−1 yc < −3 (47)
and define a hemisphere-independent coordinate with
yh =
{
yc yc ≥ −3
−6 − yc yc < −3.
(48)
The corresponding polar coordinates are then
r ′ =
√
x2c + (h′ − 3 − yh)2 (49)
θ ′ = |arctan2(xc ,h′ − 3 − yh)| , (50)
where h′ is defined by equation (2). Using ψ ′0 , ψ ′1 , and ψ ′2 defined by equations (15),
(16), (17), respectively, we find
α ′ =

θ ′ θ ′ ≤ ψ ′0
π −ψ ′2 − θ ′ ψ ′0 < θ ′ ≤ ψ ′0 +ψ ′1
θ ′ +ψ ′2 − π ψ ′0 +ψ ′1 < θ ′.
(51)
The fixed sub-triangle lengths c ,G ,G ′, F , a′, and c ′ are defined by equations (12), (13),
(14), (18), (19), and (20), respectively, except with θ replaced with θ ′,ψ0 replaced with
ψ ′0 , and ψ1 replaced with ψ ′1 . The remaining necessary fixed sub-triangle length is
defined with
b =

π/4 θ ′ ≤ ψ ′0
arctan
(√
2 tanϕ0
)
ψ ′0 < θ
′ ≤ ψ ′0 +ψ ′1
π/2 − arctan
(√
2 tanϕ0
)
ψ ′0 +ψ
′
1 < θ
′.
(52)
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Other angles and lengths of the Euclidean sub-triangles can then be found with
β ′ = G ′ − α ′ (53)
x ′ =
√
r ′2 + c ′2 − 2r ′c ′ cos β ′ (54)
γ ′ = arccos
(
r ′2 − x ′2 − c ′2
−2x ′c ′
)
(55)
ϵ ′ = π −G ′ − γ ′ (56)
y ′ =
r ′ sinα ′
sin ϵ ′ (57)
u ′ =
√
c ′2 + (x ′ + y ′)2 − 2c ′(x ′ + y ′) cosγ ′ (58)
v ′ = a′ − u ′. (59)
Next, the “slice” operation is performed in reverse to match the area ratio of the
spherical sub-triangles to that of the Euclidean sub-triangles, with
v ′
a′
=
δ + arccos(sinδ cosb) − π/2
F +G − π/2 (60)
yielding
δ = arctan
( − sin[v ′(F +G − π/2)/a′]
cosb − cos[v ′(F +G − π/2)/a′]
)
(61)
when solved for δ . Other parameters of the spherical sub-triangles are then found
with
γ = F − δ (62)
cos(x + y) = cos
[
arctan
(
tanb
cosδ
)]
= 1
/√
1 +
(
tanb
cosδ
)2
.
(63)
Next, the “dice” step is reversed, with equation (26) yielding
x = arccos
[
1 −
(
x ′
(x ′ + y ′)
)2
[1 − cos(x + y)]
]
(64)
when solved for x . A distance from and an azimuth around the spherical triangle
center point are then found with
r = arccos(cosx cos c + sinx sin c cosγ ) (65)
β = arcsin
(
sinx sinγ
sin r
)
(66)
α =

ψ0 − β θ ′ ≤ ψ ′0
β −ψ0 ψ ′0 < θ ′ ≤ ψ ′0 +ψ ′1
π − β ψ ′0 +ψ ′1 < θ ′.
(67)
Finally, these are converted to latitude, ϕ, and longitude, λ, with
ϕh = arcsin(sinϕ0 cos r − cosϕ0 sin r cosα) (68)
λ0 =
π
4 +
π
2 q (69)
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ϕ = ϕsgnϕh (70)
λ = λ0 + sgnyc arctan
(
sinα sin r cosϕ0
cos r − sinϕ0 sinϕh
)
. (71)
